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Abstract. In 2006, Barat and Thomassen posed the following conjecture: for each 
tree T, there exists a natural number kx such that, if G is a fer-edge-connected graph 
and \E{G)\ is divisible by |£'(T)|, then G admits a decomposition into copies of T. This 
conjecture was verified for stars, some bistars, paths of length 3, 5, and 2’’ for every 
positive integer r. We prove that this conjecture holds for paths of any fixed length. 


1. Introduction 

A decomposition V = {Hi,... ,Hk} of a graph G is a set of pairwise edge-disjoint 
subgraphs of G that cover the edge set of G. If Hi is isomorphic to a hxed graph H for 
1 <i <k, then we say that P is an H-decomposition of G. It is known that, when H is 
connected and contains at least 3 edges, the problem of deciding whether a graph admits 
an if-decomposition is NP-complete [ig. When ii is a tree, Barat and Thomassen [3] 
proposed the following conjecture, that is the subject of our interest in this paper. 

Conjecture 1.1. For each tree T, there exists a natural number kx such that, if 
G is a kx-edge-connected graph and \E{G)\ is divisible by \E{T)\, then G admits a 
T-decomposition. 

The following version of Conjecture 11.11 for bipartite graphs was shown by Barat and 
Gerbner [2], and independently by Thomassen [21], to be equivalent to Conjecture 11.11 

Conjecture 1.2. For each tree T, there exists a natural number k'j, such that, if G is 
a k'rp-edge-connected bipartite graph and \E{G)\ is divisible by \E{T)\, then G admits a 
T-decomposition. 

Most of the known results on Conjecture 11.11 were obtained by Thomassen [2^ 1211 l22l 
m E5]: it holds for stars, paths of length 3, a family of bistars, and for paths whose 
length is a power of 2. In 2014, we |8] proved that it holds for paths of length 5, and 
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recently Merker m proved that it holds for all trees with diameter at most 4, and also 
for some trees with diameter at most 5, including paths of length 5. 

In this paper we verify Conjecture 11.21 (and Conjecture ll.l|) for paths of any given 
length. More specihcally, we prove that, for Pi, the path of length i, we have k'p^ < 
AP + 10£ — 4, if £ is odd; and k'p^ < 26£ + 8r — 8, with r = max{32(£ — !),£(£ + 2)}, if £ 
is even. 

In our proof (for Pe) we use a generalization of a technique used by Thomassen [21] to 
obtain an initial decomposition into trails of length £. We also borrow some ideas from a 
technique that we used in m for regular graphs. A central part of this work concerns the 
“disentangling” of the undesired trails of our initial decomposition to construct a path 
decomposition. 

The paper is organized as follows. In Section |2] we give some dehnitions, establish 
the notation and state some auxiliary results needed in the proof of our main results. 
In Section |3] we present our main tool, called Disentangling Lemma, that allows us to 
switch edges between the elements of a (special) trail decomposition so as to obtain a 
decomposition into paths. In Section 0] we prove that highly edge-connected graphs admit 
well-structured decompositions with good properties that we can explore in the rest of 
the proof. In Sections 0 and 0 we present the results used in Section [7| to obtain the de¬ 
compositions into paths of hxed odd and even length, respectively. In Figured] we present 
a diagram that shows how the results (indicated in a rectangular box) are connected with 
each other, leading to the proof of our two main results. Theorems 17.11 and 17.41 In this 
diagram, an arrow from a box A to a box B indicates that the result in A is used to prove 
the result in B. 

An extended abstract [9] of this work was accepted to EUROCOMB 2015. We have 
modihed some previous terminology, but the techniques and results are essentially those 
we have mentioned in the extended abstract. This work grew out from our previous 
work on decomposition into paths of length hve [B]. The reader may hnd useful to see 
the simpler ideas presented in this previous work, to get a better understanding of the 
technique used in this paper. 

2. Notation and auxiliary results 

The basic terminology and notation used in this paper are standard (see, e.g. 0011 ). 
All graphs considered here are hnite and have no loops. Let G = {V, E) be a graph. A 
path P in G is a sequence of distinct vertices P = ToTi ■ ■ -Vi such that UjUj+i G E, for 
0 < i < £ — 1. The length of a path P is the number of its edges. The path of length £, 
also called £-path, is denoted by P^. It is also convenient to refer to a path P = uoUi ■ ■ - Vi 
as the subgraph of G induced by the edges UjUj+i for i = 0, ...,£ — 1. 

We denote by dciv) the degree of a vertex v eV and, when G is clear from the context, 

we write d{v). Given E <Z E,we denote by G[E] the subgraph of G induced by P, and we 

also denote by dpiv) the number of edges in P that are incident to v. An orientation O 
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Figure 1 . A diagram showing how the auxiliary results are used to build 
up the proof of the main results. 

of a subset F C F, is an assignment of a direction (from one of its vertices to the other) 
to each edge in F. If an edge e = uv in F is directed from u to v, we say that e leaves 
u and enters v. Given a vertex v of G, we denote by dpi^v) (resp. dpi^v)) the number 
of the edges in F that leave (resp. enter) v in O. An Eulerian graph is a graph that 
contains only vertices of even degree, and an Eulerian orientation of an Eulerian graph 
G is an orientation O of F such that dp{v) = dp{v) for every vertex v in V. Note that 
an Eulerian graph does not need to be connected. Furthermore, we say that a subset 
F C F is Eulerian if G[F] is Eulerian. We denote by G = (A, B] E) a bipartite graph G 
on vertex classes A and B. 

We say that a set {Fi,...,Ffc} of graphs is a decomposition of a graph G if 

\Jl^^E{Hi) = E and E(Hi) fl E{Hj) = 0 for all 1 < z < j < fc. Let "H be a family 
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of graphs. An T-L-decomposition D of G is a decomposition of G snch that each element 
of V is isomorphic to an element of l-L. Furthermore, if "H = {Ff}, then we say that V is 
an H-decomposition. 

2.1. Vertex splittings. Let G = {V,E) be a graph and v a vertex of G. A set = 
{di ,..., of positive integers is called a subdegree sequence for n if di + ... + = 
dciv). We say that a graph G' is obtained by a (n, Sy)-splitting of G if G' is composed of 
G — v together with Sy new vertices Ui,..., and dciv) new edges such that dc'ivi) = di, 
for 1 < i < Sy, and = Nc{v). 

Let G be a graph and consider a set V = {ui,..., Vy} of r vertices of G. Let ..., 
be subdegree sequences for ui,..., Vy, respectively. Let Hi,... ,Hy be graphs obtained 
as follows: Hi is obtained by a (ui, S'^J-splitting of G, the graph H 2 is obtained by a 
(^ 2 , of -^1) ^^cl so on, up to Hy, which is obtained by a {vy, S'^^)-sphtting of 

Hy^i. We say that each Hi is an {S'.yj,..., Syf\-detachment of G. Roughly speaking, a 
detachment of G is a graph obtained by successive applications of splitting operations on 
vertices of G. In Figure [H the graph H is an {Sa, S'e}-detachment of G, where Sa = {2, 3} 
and S'e = {2,2,2}. The next result provides sufficient conditions for the existence of 2k- 
edge-connected detachments of 2fc-edge-connected graphs. 



Figure 2. A graph G and a graph H that is an {Sa, Rej-detachment of G. 


The next result provides sufficient conditions for the existence of 2fc-edge-connected 
detachments of 2fc-edge-connected graphs. 

Lemma 2.1 (Nash-Williams [IS]). Let G be a 2k-edge-connected graph, where k > 1, 
and V{G) = {ni,...,n„}. For every v G V{G), let Sy = {d{,...,d^^} be a subdegree 
sequence for v such that d{ > 2k for i = 1,..., Sy. Then, there exists a 2k-edge-connected 
[Syj^,..., Sy^}-detachment of G. 

2.2. Edge liftings. Let G = (V, E) be a graph and u, v, w be distinct vertices of G such 

that uv, vw G E. The multigraph G' = (V, {E \ [uv, ntc}) U {uw} ) is called a uw-lifting 

(or, simply, a lifting) at v. Note that G' may have parallel edges connecting u and v. If 

for all distinct pairs x, y ^ V \ {n}, the maximum number of edge-disjoint paths between 

X and y in G' is the same as in G, then the lifting at v is called admissible. If n is a 
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vertex of degree 2, then the lifting at v is always admissible. Such a lifting together with 
the deletion of v is called a supression of v. The next result is known as Mader’s Lifting 
Theorem. 

Theorem 2.2 (Mader [TB]). Let G be a multigraph and v a vertex of G. If v is not 
a cut-vertex, dciy) > 4, and v has at least 2 neighbors, then there exists an admissible 
lifting at v. 

The following simple lemma will be useful to apply Mader’s Lifting Theorem. In this 
lemma and thereafter, we denote by Pg{x, y) the maximum number of edge-disjoint paths 
between vertices x and y m. a. graph G. 

Lemma 2.3. Let G be a multigraph and let k be a positive integer. If v is a vertex in G 
such that d{v) < 2k and pcix, y) > k for any two distinct neighbors x and y of v, then v 
is not a cut-vertex. 

2.3. High edge-connectivity. If G is a graph that contains 2k pairwise edge-disjoint 
spanning trees, then, clearly, G is 2A:-edge-connected. The converse is not true, but as 
stated in the next theorem, every 2A:-edge-connected graph contains k such trees [HI [26] . 

Theorem 2.4 (Nash-Williams [18]; Tutte [26]). Let k be a positive integer. If G is a 
2k-edge-connected graph, then G contains k pairwise edge-disjoint spanning trees. 

Using Theorem 12.41 and a recent result of Lovasz, Thomassen, Wu and Zhang [TB], one 
can prove the following lemma, which enables us to treat highly edge-connected bipartite 
graphs as regular bipartite graphs. It is a slight generalization of Proposition 2 in [24] . 
A proof of this lemma is given in [6] . 

Lemma 2.5. Let k >2 and r be positive integers. If G = (Ai, A 2 ] E) is a {6k -(- 4r — 4)- 
edge-connected bipartite graph and \E\ is divisible by k, then G admits a decomposition 
into two spanning r-edge-connected graphs Gi and G 2 such that, the degree in Gi of each 
vertex of Ai is divisible by k, for i = 1,2. 

The following two results on regular multigraphs will be used later (see Figure [1]). 

Theorem 2.6 (Von Baebler [27] (see also [T[ Theorem 2.37])). Let r > 2 be a positive 
integer, and G be an (r — 1)-edge-connected r-regular multigraph of even order. Then G 
has a 1-factor. 

Theorem 2.7 (Petersen [20]). If G is a 2k-regular multigraph, then G admits a decom¬ 
position into 2-factors. 

The next results are obtained by generalizing a technique used by Barat and Gerb- 
ner [2]. They are useful in the proof of Lemma [2.101 which is used to deal with decom¬ 
positions into paths of even length. 
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Theorem 2.8 (Theorem 20 in [T3]h Let m be a positive integer. If G is an m-edge- 
connected graph, then G contains a spanning tree T such that dxiv) < \dG{v)/m~\ +2 for 
every vertex v. 


Corollary 2.9. Let m be a positive integer. If G is an m-edge-connected graph, then G 
contains a spanning tree T such that driv) < 4:dG{v)/m for every vertex v. 

Proof. From the edge-connectivity of G, we have dG{v) > m for every vertex v. Com¬ 
bining this with Theorem I2.8[ we conclude that G contains a spanning tree T such that 
driv) < \dG{v)/m] + 2 < {dG{v)/m) -|- 3 < 4dG{v)/m. □ 


Lemma 2.10. Let k, m and r be positive integers, and let G = {A,B]E) be a bipartite 
graph. If G is 8m\{k -\-r)/k^-edge-connected and, for every v E A, dG{v) is divisible 
by k + r, then G admits a decomposition into spanning graphs Gk and Gr such that 
Gk is m-edge-connected and, for every vertex v E A, we have dGf,{v) = -^dGiv) and 
doriv) = ^dG{v). 


Proof. Let k, m, r and G = {A,B]E) be as in the hypothesis of the lemma. Since G 
is 8m\{k r)//c]-edge-connected, by Theorem 12.41 we conclude that G contains at least 

4m [(/c -|- r)/k~\ pairwise edge-disjoint spanning trees. Now, partition the set of these 
4m \{k r)/k~\ spanning trees into m sets, say Ti,... ,Tm, of 4 [(fc -|- r) //c] spanning trees 

each, and let Gi = Utgt^ 7", for i = 1,..., m. 

Clearly, Gi is A\{k -|-r)/fc]-edge-connected. By Corollary 12.91 Gi contains a spanning 
tree Tj such that, for every v E V{Gi), 


dxA'v) < 


\{k + r)/k~\ 


dcii'v) < 


k + r 


dcAv). 


Let G' = Clearly, G' is m-edge-connected. Note that, for every v G C(G), 


m / h \ ^ / h \ 

dG'{v) = dciv). 

2=1 ^ '' 2=1 ^ / 

Let Gk be the bipartite graph obtained from G' by adding, for every vertex v in A, 
exactly {{k/{k -|- r))dG{v) — dG'iv) edges of G — E{G') that are incident to v (note that 
{fk/{k -|- r)'jdG{v) is an integer). Therefore, every vertex v E A has degree exactly 
{fk/{k -|- r))dG{v) in Gk- To conclude the proof, take Gr = G — E{Gk)- □ 


3. The disentangling lemma 

Our aim in this section is to prove a result. Lemma [3.Ill which guarantees that, given 
a special trail decomposition of a graph G, it is possible to switch edges of the elements 
of this decomposition and construct a path decomposition of G. For that, we introduce 
the concept of trackings of a trail: they are important to specify the order in which the 
vertices of a trail are visited. 
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We came to know recently that the technique introduced in this section generalizes 
the one presented by Kouider and Lone [Hj for decompositions of girth-restricted even 
regular graphs into paths. Here, we manage to overcome this girth condition, by requiring 
a sufficiently high minimum degree. 

3.1. Trails, trackings and augmenting sequences. A trail is a graph T for which 
there is a sequence B = xq - ■ ■ xi of its vertices (possibly with repetitions) such that 
E(T) = {xiXiJ^i'. 0 < i < £ — 1}; such a sequence is called a tracking of T, and we say 
that T is the trail induced by the tracking B. Note that a path admits only two possible 
trackings, while a cycle of length i admits 2i trackings. The vertices Xq and x^ are called 
end-vertices of B. 

Given a tracking B = xq ■■■ xi, we denote by B~ the tracking xi ■ ■ - Xq, and, to ease 
notation, we denote by V{B) and E{B) the sets {xq, ..., of vertices and {xjXj+i: 0 < 
i < £ — 1} of edges of B, respectively. Moreover, we denote by B the trail {V(B), E{B)). 

It will be convenient to say that a tracking B = xq - ■ ■ xg traverses the vertices xq, ... ,xg 
and the edges xqXi, ..., xg-ixg (in this order), and that xqXi is the starting edge of B and 
xg-ixg is the ending edge of B, or that B starts with xqXi and ends with xg-ixg. 

We say that a trail T is a vanilla trail if there is a tracking xqXi ■ ■ - xg oiT such that 
Xi • • • X£_i induces a path in G. A tracking that induces a vanilla trail is also called a 
vanilla tracking. (See Figure |31) 

If a vanilla trail contains ^ edges, then we say that it is a vanilla i-trail. A set B of 
pairwise edge-disjoint trackings of vanilla Gtrails of a graph G is an i-tracking decompo¬ 
sition of G if E{B) = E{G), i.e, {B: B E B} is a. decomposition of G into vanilla 
Gtrails. If every element of B induces an Gpath, then we say that B is an i-path tracking 
decomposition. We may omit the length £, when it is clear from the context. We note that 
if Bi and Bj are trackings of a tracking decomposition B such that E{Bi) n E{Bj) ^ 0, 
then Bi = B^ (that is, Bi and Bj induce the same vanilla trail). 






Figure 3. Examples of vanilla trails. 
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The concept of augmenting sequence (Definition I3.ip is central in this section. Before 
presenting it, we give a motivation for it. 

For every vanilla trail T of G, let r(T) be the number of end-vertices of T with degree 
greater than 1. Let "D be a decomposition of G into vanilla ^-trails that minimizes 
t(V) = — O’ then V is an £-path decomposition. So, let us assume 

that t{V) > 0. Moreover, suppose that "D has the following property: for every T in P 
and every vertex v of T, there is a trail T' containing an edge vu, such that u ^ V{T) 
and u is an end-vertex of T'. 

Since r('D) > 0, there is a vanilla trail Tq in T) that is not a path. Let x be an 
end-vertex of Tq of degree greater than 1, and let C be a cycle in Tq that contains x. 
Consider a neighbour n of a; in C, and let Ti be an element of "D that contains an edge 
vu, such that u ^ V(To) and u is an end-vertex of Ti, as supposed above. Now, let 
Tq = Tq — vx + vu, T[ = Ti — vu + vx, and put V = V — Tq — Ti + Tq + T[. We 
have r(TQ) = r(To) — 1. If t{T[) < r(Ti), then V is a decomposition of G into vanilla 
^-trails such that XItgX)''^(^) < ^ contradiction to the minimality of t{V). 

Therefore, t{T[) = t(Ti) -|- 1 and T[ contains a cycle G' that contains xv. Now, we 
consider a neighbour v' of x in G' such that v' ^ v, and we repeat this operation as long 
as necessary considering T[ and v' instead of Tq and v. 

We show that, under some assumptions, after repeating this operation a finite number 
of times, we obtain a better decomposition (an ^-tracking decomposition in which there 
are more trackings inducing paths than the previous one). The next definition formalizes 
which properties the sequence of trails must satisfy to guarantee this improvement. 

To formalize the ideas mentioned before, let us introduce some concepts. Let B be an 
^tracking decomposition of a graph G, and let S = B 1 B 2 ■ ■ ■ Br he a. sequence of (not 
necessarily distinct) trackings of trails of G, where Bi = '' 'b\, for i = 1...,r. We 

say that S' is a B-sequence if G S or B~ G S, for z = 1,..., r. 

In what follows, we shall be interested in such S-sequences S = B 1 B 2 ■ ■ ■ B^, in which 
the vertex 6g, the first vertex of Bi, plays an important role. We require that each element 
Bi of S, except the last one (the tracking Br), contains the vertex 6g. We denote by s{i) 
the smallest positive index such that = &o- need to refer frequently to the 

vertex (the vertex of Bi that is traversed before fej) and the vertex (the 

vertex of Bi that is traversed after 6g), for ease of notation, we also denote them by 6* 
and b\ (that is, 6* := ^s(j)+i)’ respectively. In this context, we also give 

names to two special edges of each Bp, these are e* := 6*6g (the edge traversed by B^ “to 
enter” 6g), and /* := (the starting edge of Bi). See Figure 01 


Definition 3.1. Let ^ and r > 2 be positive integers and let B be an i-tracking decom¬ 
position of a graph G. Let S = B 1 B 2 ■ ■ ■ B^ be a B-seguence, where Bi = hyo\ ■ ■ - b^ for 
i = 1... ,r. We say that S is an augmenting sequence of B if 

(11) Bi is not a path, and > 1? ^0 ^ V{Bi); 

(12) b\ = 6r‘; 

and for i = 2,... ,r — 1, the following holds: 

(ii) Bi contains and b\ = 6 *“^; 

(iii) if Bi 7 ^ Bh for every h <i, then ^ V{Bi); 

(iv) tfS, = B,, then bl+^ i V{B^ - ei + / 2 ) = V{Bi) U {feg}. 

(v) if Bi = Bh for some 1 < h < i, then 63 +^ ^V{Bh-fh + e^-i - + fh+i) ■ 

If, in addition, 6 g ^ V{Br), then we say that S is a full-augmenting sequence. 

We note that whenever we delete edges of a trail (as in (iv) and (v)), we also remove 
the isolated vertices that may result after the edge deletions. We also observe that (iv) 
implies that if Bi = Bi then i?i+i 7 ^ Bi (this will be used later). 

The main idea behind our central result is that, given a certain tracking decomposition, 
if we can find a full-augmenting sequence, then we can find a better decomposition. Thus, 
the conditions stated in Definition 13. II have the purpose of allowing interchanging of edges 
of the elements of a full-augmenting sequence. Such an interchange will be performed 
starting from the first element Bi and then going from Bi to If the elements are 



Figure 4. An augmenting sequence S = BiB 2 B^B 4 ^B^, where B^ = B 2 . 
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all disctint, then the simple interchange we have mentioned in the motivation suffices, as 
long the items (i)-(iii) are satisfied. But, as the trail corresponding to some trackings may 
repeat, we need the conditions stated in (iv) and (v). Note that item (iv) requires that if 
Bi = Bi, then the initial vertex of i?i+i does not belong to the trail corresponding to the 
tracking to which Bi was transformed (that is, the trail i?i — ei + / 2 ). Item (v) requires 
that if Bi = Bh for some 1 < h < i, then the initial vertex of i?i+i does not belong to 
the trail corresponding to the tracking to which Bh was transformed. In this case, since 
1 < h < i, the original tracking Bh has suffered two transformations. (Suppose r > 2.) 
B 2 suffers a first transformation (because of Bi), but then, the transformed B 2 plays the 
role of the original Bi, and so it is again transformed because of B^. Thus, the condition 
stated in item (v) reflects this double transformation suffered by Bh- To understand this 
idea, consider the augmenting sequence shown in Figure 01 where B 4 = B 2 (that is, 
Ba = B 2 ), and see the step-by-step transformations shown in Figure [5l 



Figure 5. Illustration of how to deal with the full-augmenting sequence 
in Figure 01 In each step, the dashed edges are those that are swichted. 


As we will see, full-augmenting sequences of a tracking decomposition B have a finite 
number of elements. To prove this fCorollarv l3.3p . we show first the following result. 
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Lemma 3.2. Let i and r >2 be positive integers and let B be an i-tracking decomposition 
of a graph G. If S = B 1 B 2 ■ ■ ■ Bj. is an augmenting seguence of B, where Bi = b^bl ■ ■ ■ 
for i = 1,... ,r, then bl ^ b{ for every i, j with l<i<j<r — 1. 

Proof. Let i, r, B and S = B 1 B 2 • • • be as in the hypothesis of the lemma. We want 
to prove that bl,, bl~^} is a set of distinct elements. 

Claim yf.- 6 ^ 7 ^ for j = 2,..., r — 1. 

For j = 2 the resnlt is immediate. Indeed, recall that e* = VJoq G E{Bi). If b^ = bl then 
Cl = 02 , that is, Bl and B 2 have a common edge. Bnt then, Bi = i? 2 , a contradiction 
(to Dehnition 13.11 (if)). Now snppose j > 3. Take snch a smallest index j for which 
bi = b\. As in the previons case, we conclnde that Bj = Bi. Since S' is a B-seqnence, 
either Bj = Bf or Bj = Bi. If Bj = Bf, then bi = bi_. Bnt &+ 7 ^ Thns, 7 ^ 6 ^, a 
contradiction. If Bj = Bi, then ho = &o fj = fi. Bnt b{ = bi~^ (by Dehnition 13.11 
(ii)). Hence, fj = hohj = blbi~^ = ej_i, that is, fj G Bj_i. Since fj = /i G Hi, we 
conclnde that Bj_i = Bi. Thns, Bj_i = Bi = Bj, that is, Bj_i = Bj, a. contradiction 
(see the observation after Dehnition 13.ip . 

Claim B: bl 7 ^ bi for every i, j with 2<i<j<r — 1. 

Snppose that this does not hold. Let i be the smallest integer snch that there exists 
j > i snch that bl = bi. In this case, e* = = Cj, and thns Bi = Bj. Hence, 

either Bj = B^ or Bj = B~. If Bj = B~, then = b\ ^ bl, a contradiction. If Bj = Bi, 
then bii = Uq. Hence, fj = bfbi{ = byp^^ and fi = b^bl = hoh*“^. Since fj = fi, we 
conclnde that bi~^ = a contradiction to the choice of i. □ 

Corollary 3.3. Let i and r >2 be positive integers and let B be an I-tracking decomposi¬ 
tion of a graph G. If S = B 1 B 2 ■ ■ ■ Br is an augmenting seguence ofB, then each Bi occurs 
at most once in S. Furthermore, if Bi = Bj for some pair i, j with l<i<j<r — 1, 
then Bj = B~. 

Proof. Let I, r, B and S = B 1 B 2 ■ ■ ■ B^ be as in the hypothesis of the corollary. Let 
Bi = bybl ■ ■ - by ioT i = 1,... ,r. Snppose, for a contradiction, that Bi = Bj for some pair 
i, j with 1 < i < j < r — 1. In this case, = Cj, and therefore, bl = bi, a contradiction to 
Lemma [ 3.21 Now, since S' is a H-seqnence and Bi 7 ^ Bj, if Bi = Bj, then Bj = B~. □ 

Corollary 13.31 implies that any angmenting seqnence of an ^-tracking decomposition is 
hnite. 

3.2. Hanging edges and complete tracking decomposition. All concepts dehned 

in this snbsection refers to a tracking decomposition H of a graph G. We recall that any 

tracking in B has exactly two end-vertices, even if they coincide. For B in B, we denote 

by t{B) the nnmber of end-vertices of B that have degree greater than 1 in B. Thns, 

t{B) = 0 if and only if H is a path. We observe that the same notation is nsed for trails 

(as the meaning for both coincides). Let r(H) = 
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Let uv be an edge of G, and let B be the element of B that contains uv. \i B = 
XqXi ■ ■ - Xi with either xq = u and Xi = v, or Xi = u and X£_i = v, then we say that uv 
is a pre-hanging edge at v in B. If, additionally, dg{u) = 1, then we say that uv is a 
hanging edge at v in B. We denote by preHang(n, i3) (resp. hang(n,S)) the number of 
pre-hanging (resp. hanging) edges at v in B. Let /c be a positive integer. We say that B 
is k-pre-complete if preHang(n, S) > k for every v in V{G). If hang(n, S) > k for every 
V in V{G), then we say that B is k-complete. 

For V in V{G), let Bodd{v) be the number of elements B oi B such that dgiv) is odd, 
and let Beveniv) be the number of elements B = xq ■■■ X£ in B such that Xq = xi = v. 
Furthermore, dehne B{v) = Boddiv) 2Beven{'v). One can see B{v) as the number of edges 
of G incident to v that are starting edges of trackings in B that start at v, or ending 
edges of trackings in B that end at v. We note that if B is an ^tracking decomposition 
of G, then J2v€V{G) '^('^) ~ ^I'^l ~ 2|i?(G)|/£, because each element of B has exactly two 
end-vertices (counted with their multiplicities). The next lemma is the main tool in the 
proof of the Disentangling Lemma iLemma ld.llI) . 

Lemma 3.4. Let k and i be positive integers and let B be a k-complete £-tracking de¬ 
composition of a graph G. If B contains a full-augmenting sequence, then there is an 
i-tracking decomposition B' of G such that the following holds. 

• t{B') < t{B); 

• B'{v) = B{v) for every v G V{G); 

• B' is k-complete. 

Proof. Let k, i and B be as in the hypothesis of the lemma. Suppose that S = Bi ■■■ B^. is 
a full-augmenting sequence of B, where S = Bi - ■ ■ By., and By = h\p\ • ■ ■ 6^ for i = 1,..., r. 

The proof is by induction on the number of elements of S, denoted by [S'!. Note that by 
the dehnition of full-augmenting sequence, we have ^ V{Br)- Therefore, IFI = r > 1. 

Suppose 151 = 2 . Since 5 is a full-augmenting sequence, 6 q ^ V{B 2 ) and, by item (ii) 
of Dehnition 13.11 h\ = h\. Let B[ = Bi — ei -\- /2 and B 2 = B 2 — f 2 + ei. That is, B[ 
and B 2 are obtained from Bi and B 2 by interchanging the edges ei and / 2 . Then we 
consider the following trackings corresponding to these trails: B[ = '' 'bj, where 

X = blb\ ■ ■ - bl; and B 2 = ■' 'bj. It is easy to see that B[ and B 2 are ^trackings of 

G, and furthermore, BiU B 2 = B[U B 2 . 

Let B' = B — Bl — B 2 + B[ + B 2 . Clearly, B' is an ^tracking decomposition of G. By 
items (il) and (iii) of Dehnition 13.11 dgy{h}f) > 1 and fcg ^ V{Bi), from where we conclude 
that ^ 5 /( 69 ) = 1 and t{B'i) < t{Bi) — 1 . Since h\ ^ D(i? 2 ), we have = 1- Thus, 

'^(B^) < t{B 2 ), and therefore the following inequality holds. 

t{B') = t{B) - riBi) - t{B2) + t{B[) + r(i?;) < t{B). 

It remains to prove (for |5| = 2 ) that B'{v) = B{v) for every v G V{G), and that B' is 
fc-complete. 
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Claim 3.5. B'{v) = B{y) for every v G V{G). 


Proof. Given v G V{G) and a set T C B, define BoddWip) as the number of elements 
B eT such that dg{y) is odd, and define BevenW as the number of elements B = xo ■ ■ ■ xe 
of T such that xq = xi = v. Furthermore, let B\r{v) = Boddlriv) + 2Beven\r{v)■ 

Let -Bvert = {bl, bl, bf}. Clearly, B{v) = B'{v) for every v ^ -Bvert- Let T = {Bi, B 2 } and 
T' = {B[, B^} . To prove that B{v) = B'{y) holds also for vertices v G -Bvert, it is enough 
to show that B\'Y{y) = B'\'T-'{y), because we already know that B\b\'y{v) = B'\Bi\T'ip). 
Recall that B\'Y{y) (resp. B'| 7 -/(r;)) is the number edges of G that are starting edges of 
elements in T (resp. T') that start at n, or ending edges of elements in T ( resp. T') that 
end at v. First, note that B\r{b}f) = B'\r'{b}f). Indeed, the edge /i = is the starting 
edge of -Bi, but it is not a starting edge of neither B[ or .B^; but, on the other hand, the 
starting edge of B 2 starts at b^. Thus, the number of starting edges that starts at is 
the same in B and in B'. In terms of ending edges that end at b\, the same happens: if 
Cl = b\b\ is and ending edge of Bi, then the ending edge of B[ (which is the reverse of /i) 
also ends at 6 g, and if ei is not an ending edge of Bi, then neither B[ or B '2 has an ending 
edge incident to It is easy to see that B\-Y{b\) = as b\ is an internal vertex 

of all trackings under analysis. Also, B\'j-{b‘l) = B' W'ibl), as the starting edge /2 = b^b'f 
of B 2 becomes the starting edge of B[, and no other change occurs in terms of ending 
edges at 6 q. □ 

Claim 3.6. B' is k-complete. 

Proof. Let us prove that hang(r;, B') > k for every v G V{G). Note that if n 7 ^ b\, then 
the hanging edges at v in B' are the same hanging edges at v in B. Let -Bhang be the set 
of hanging edges at b\ in B. Since dB^{b}f) > 1 (by Dehnition 13.11 (if)), we know that 
Cl = b^bl = blbf ^ -Bhang- The set of hanging edges at 6 ^ in B' is -Bhang U 
because dp'^^bl) = 1 and d^^bl) = 1. Then, hang( 6 ^,B') > hang( 6 ^,B) > k. Therefore, 
B' is fc-complete. □ 

In the rest of the proof we assume that [S'! = r > 2. Suppose that the lemma holds 
when B contains a full-augmenting sequence S' with length r — 1. 

Since IBI > 2, by item (ii) of Dehnition 13.11 we have b\ = b\ and — ^0 where 
s(2) > 3. Now, consider the trackings -B( and B '2 that we have dehned in the proof for 
the case [S'! = 2. Let B" be the ^tracking decomposition as we have dehned in that case 
(which we called B'), that is, B" = B — -Bi — -B 2 -|- -B( -|- B' 2 . In the case [S'! =2, we had 
bl ^ V{B 2 ), but now we have that 6 q G V{B 2 ), thus, in this case we can only conclude 
that t{B") < t(B). See Figure EH 

The next step is to prove that B"{v) = B{y) for all v G V{G). The proof follows 
analogously to the proof we have presented for the case IBI = 2 . 

Now we will prove that B" is /c-complete. Note that if v 7 ^ b\, then the hanging edges 

at n in B are the same hanging edges at v in B". Now, let -Bhang(&i) be the set of hanging 
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edges at bf in B. Then the set of hanging edges at bf in B" is -Ehang(&i) U {blb^} because 
ds[{bl) = 1. Then, hang(6^,i3") > hang(6^,i3) > k. Therefore, B" is fc-complete. 

Since S is an augmenting sequence of B, by Corollary 13.31 every Bi appears at most 
twice in S and if Bi = Bj for 1 < z < j < r, then, Bj = B~. Let S' = C 2 CZ ■ ■ ■ Cr, where, 
C 2 = B '2 and for 3 < z < r, we have 


B'C 

if B, = B^ 

B'C 

if Bi = B 2 

B, 

otherwise. 


We shall prove that S' is a full-augmenting sequence. For that, we shall check 
each of the items of Dehnition 13.11 Before, we make some observations: we also 
denote by s(z) the smallest index such that Cq = = 6 g, for 2 < z < r. The 

vertex c* is the same as 6 * for z = 3,..., r and j = 0,..., s(z). We denote by e* and f* 
the edges of Ci that correspond to e* and fi dehned for Bi, that is, e* = c* 6 o and f* = Cqc\. 

Item (i): C 2 is not a path, dc 2 idl) > 1 and ^ V{C 2 ). 

Since C 2 = B'^, we have Cq = b^. Moreover, since B '2 = B 2 — f 2 + ei, the edges ei and 
62 are in B '2 = C 2 and are incident to Cq. Thus, dc^^c^) > 1. Now, let us prove that 
Cq ^ V(C 2 ) = V{B' 2 ). Since B 2 7 ^ Bi, by item (iii) of Dehnition 13.11 (applied to S with 
z = 2), we have b^ ^ V{B 2 ). Since b^ G C(i? 2 ), we know that C V{B 2 ). Therefore, 

60 ^ V{B' 2 ). By the construction of the elements Ci, we have Cq = 6 g, which implies that 
eg i V{B'2) = V{C2). 

Item (ii): For z = 3,..., r — 1, the element Ci contains Cq, and c\ = 

Fix z G {3,..., r}. Since G Bi, by the dehnition of Ci we have that Cq = feg G Q. 

We shall prove that (a) If Ci = Bi and Ci^i = Bi_i, then the result follows 

by the dehnition of C and the fact that item (ii) of Dehnition 13 .1 1 holds for the sequence S. 
(b) Suppose Ci = i? 2 ~- In this case, Bi = B 2 , and thus b\ = Since Ci = i? 2 ~, we 

have that c\ = b‘j_^. Combining the equalities above, we conclude that c\ = b\. (bl) If 

Ci-i = Bi-i then c*“^ = bl~^. Thus, c\ = b\ = 6 *“^ = c*T^ (as the middle equality holds 
because item (ii) of Dehnition 13.11 holds for S). (b 2 ) If Ci-i 7 ^ 5i-i, then Ci-i = B'{~■ 
The last equality implies that c*“^ = b\ and Bi_i = B^. From the last equality, we 
obtain that b'~^ = b\. Combining the equalities, we get = b\ = 6 *“^ = b\ = c\. 

(c) Suppose Ci = B'C ■ The proof for this case is analogous to the proof of case (b), 
interchanging the occurrences of index 2 and index 1. We write the proof for completeness. 
In this case, Bi = B^, and thus b\ = b\_^. Since Ci = B'C, we have that cl = b\_^. 

Combining the equalities above, we conclude that = b\. (cl) If Ci-i = i?j_i then 
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. Thus, c\ = b\ = (c2) If Cj_i 7 ^ -Bj-i, then Q-i = B'^. The last 

equality implies that = 6 ^ and -Bj_i = From the last equality, we obtain that 

6 *“^ = 6 ^. Combining the equalities, we get = h\ = = 6 ®]^ = c\. 

(d) Suppose Ci = Bi and Ci-i 7 ^ -Bi-i- If z = 3 then C 2 = -625 in this case, 

cl = bf = bl = cl- If i > 3, then Ci-i = B!f or Cj_i = Bl~. In both cases, it follows 

that c®“^ = 6 *“h Then using the fact that b\ = 6 ®“^ (dehnition of S), it follows that 

_ M A* —1 ^* — 1 

Cl — Ui — u* — c^ . 

Item (iii); For z = 3,..., r — 1, if Cj 7 ^ C/i for every h < z, then ^ C(Cj). 

Fix z G {3,..., r — 1} and suppose Ci 7 ^ Ch for every 2 < h < i. Note that Ci 7 ^ -B^- 
First we consider the case where Ci = B[ or, equivalently, Ci = B'^. Thus, Bi = Sb, 
and by item (iv) of Dehnition 13.II applied to S, we have ^ (V(Bi) U { 60 }) = V{B[) = 
V{Ci). Since Cg = b^ for every z > 3, we have ^ V{Ci). 

Now suppose that Ci 7 ^ B[. Then, Bi 7 ^ Bi. But we know that Ci 7 ^ Ch for every 

h < i, which implies that Bi 7 ^ Bh for every h < i. From item (iii) of Dehnition 13.11 
(applied to S), we have that b}^^ ^ V{Bi). Since = b}^^, we have ^ V{Bi). 
Since Ci 7 ^ B[, B 2 , we conclude that Ci = B^, and therefore, ^ V{Ci). 

Item (iv): for z = 3,..., r — 1 , if Cj = (72 then ^ V(Ci) U {cg}. 

Fix z G {3,... ,r — 1} and suppose Ci = C^- In this case, Ci = B'^^. We shall prove 
that Cg"^^ ^ V(B 2 ) U {cg}. Note that, by the dehnition of Ci, we have Bi = B 2 . Thus, by 
item (v) of Dehnition 13.11 applied to S with parameters z and h = 2, we have 

^ c (-B 2 — /2 + Cl — 62 + /s). (1) 

Note that C 2 = B 2 = B 2 — f 2 + ci. Therefore, 

V (§2 — f 2 + — 62 + fs) = V{C 2 — £2 + fs) = V{C 2 ) U {&g}. (2) 

Recall that Cg'*'^ = feg"^^ for every z > 2 . Then, by ([I]) and ([ 2 ]), we have Cg'*'^ ^ R(C' 2 )U{co}. 

Item (v): for z = 3, ...,r — 1 , if Cj = Ch for some 2 < h < i, then 
c®+' i V{C, - + e;;_i -el + AVi). 

Fix z G {3,..., r — 1} and suppose that Ci = Ch for some 2 < h < i. Note that we 
have Ci = C^, and thus Bi = Bh and, by Corollary 13.31 Ci 7 ^ B[, B 2 . By item (v) of 
Dehnition 13.11 applied to S, we have 

b}^^ ^ V{Bh — fh + Gh-i — Ch + fh+i)- (3) 
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Recall that, since i > 3, we have /* = /* and e* = e*. Therefore, from ([3]), 

we have 

4+' i v(Cu - /; + e;_i - ej + A%,). 

We concluded the proof that S' is an augmenting sequence of B". But, since S' is a 
full-augmenting sequence of we know that 6 q ^ V{Br) (then, clearly ^ Bi,B 2 ). 
But since = bl, we conclude that S' is a full-augmenting sequence of B". 

Since |S"| = r — 1, by the induction hypothesis, G admits a fc-complete ^-tracking 
decomposition B' such that t{B') < t{B") < t{B) and B'{v) = B"{v) = B{v) for every 
vertex v oi G. □ 

The following concept and lemma are important in the construction of full-augmenting 
sequences. 

Definition 3.7. Let i be a positive integer. Let G be a graph and B he an i-tracking 
decomposition of G. We say that B is feasible if for every v G V{G) the following holds: 
ifT is a vanilla i-trail of G (not necessarily in B) that contains v as an internal vertex, 
then there exists a hanging edge vw at v in B such that w ^ V(T). 

Lemma 3.8. Let i and k be a positive integers and G be a bipartite graph. If k > 
+ l)/2] and B is an k-complete I-tracking decomposition of G, then B is feasible. 

Proof. Let i, k, G and B be as in the hypothesis of the lemma. Fix v eV {G) and suppose 
T is a vanilla £-trail of G that contains v. Since B is fc-complete, hang(n, B) > k. Let 
vwi, ..., vwk+i be hanging edges at v in B. 

We claim that there exists an index 1 < i < k + 1 such that Wi ^ V{T). Let W = 
{wi,... ,Wk+i}. Let G = {A,B;E) and suppose, without loss of generality, that v E A. 
Since G is bipartite, W G B. Furthermore, since T contains at most I P \ vertices, 
\V{T) n B\ < + l)/2\ < k. But since |hF| = k + 1, we conclude that there exists a 

vertex w eW such that w (T). □ 

Recall that, for a tracking B, we denote by t{B) the number of end-vertices of B that 
have degree greater than 1, and for a tracking decomposition B, we denote by t{B) the 
sum 

Lemma 3.9. Let i be a positive integer, G be a graph and B he an i-tracking decompo¬ 
sition of G. If B is feasible and t{B) > 0, then B contains a full-augmenting seguence. 

Proof. Let i, G and B be as in the hypothesis of the lemma. First, let us show that B 

contains an augmenting sequence. Since t{B) > 0, the tracking decomposition B contains 

a tracking Bi that does not induce a path. Let Bi = 6g6| ■ ■ ■ where dQ^{h}f) > 1. 

Since B is feasible, there is a hanging edge h\w at (the internal vertex) h\ in B such 

that w ^ V{Bi). Let B 2 be the element of B that contains the edge blw. Then, it is easy 

to verify that B 1 B 2 is an augmenting sequence of B. 
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Let S = B 1 B 2 • • • -Br be a maximal augmenting sequence of B. Suppose by contradiction 
that S is not a full-augmenting sequence, i.e, 6 q G V{Br). 

Now we show how to obtain an element Br+i of B such that S' = Bi - ■ ■ BrBr+i is 
an augmenting sequence, contradicting the maximality of S. Since S is an augmenting 
sequence, item (if) of Dehnition 13.11 holds, and items (ii)-(v) of Dehnition 13.11 hold for 
i = l,...,r — 1. Since S is not a full-augmenting sequence, Br contains 6g. Our aim is 
to hnd an element Br+i for which items (iii)-(v) of Dehnition 13.11 hold for i = r. Before 
continuing, note that 6* is a vertex of Bi in the tracking Pj = 6^62 '' therefore 

6® is always an internal vertex of Pj (because Pj contains the tracking Pib^)- Now, note 
that exactly one of the following holds: (a) P^ 7^ P/i, for every h < r; (b) Br = Pi; or 
(c) Br = Bfi for some 1 < h < r. 

(a) In this case, by the feasibility of B, considering T = Br and v = b^, there exists a 
hanging edge b^z at b^ such that 2; ^ V{Br). Let P^+i be the element of B con¬ 
taining b^z. We can suppose without loss of generality that 2; = (otherwise, 
2: = and we choose P^i instead of Pr+i). Then, b['^^ = bl, feg'*'^ = z ^ V(Br), 
and item (hi) of Dehnition 13.11 holds for i = r. 

(b) In this case, we have Br = Pf = b\PrbQP{b\. By the feasibility of P, considering 

V = bl and T = Bi — ei + f 2 (note that T is induced by the tracking 6^Pr6gPi6g), 
there exists a hanging edge b^z at bl such that z ^ V(T). Note that V(T) = 
V{Bi) U {&g}. Let Pr+i be the element of B containing biz. As in the previous 
case, we may assume that 2; = ^ V{Br) U {&g}. Then, b['^^ = bl and item 

(iv) of Dehnition 13. II holds for i = r. 

(c) In this case, we have P^ = b^Prb^P^bQ. Since S is an augmenting sequence, by 

item (ii) of Dehnition 13.11 b^ = 6^“^ and Then, since = 

fog, we conclude that Ch-i = b^b^ and fh+i = b^lb^'^^ are edges of Bh-i and Ph+i, 
respectively. Put T = P^ - 6^- b^bl + b’^b’^'^^ = Br-fh + Ch-i -eh + fh+i 
(note that T is induced by the tracking b^Prb\PhbQ'^^). Since T is a vanilla Ptrail, 
by the feasibility of P, considering v = bl and T, there is a hanging edge biz at 
bl such that 2; ^ V{T). Let Pr+i be the element of P containing biz. As in the 
previous case, we may assume that ^ ^ ^(^)- Then, = bl and item 

(v) of Dehnition 13.11 holds for i = r. 

We just proved that there exists an element Pr+i of P such that S' = P1P2 • • ■ Pr-Pr+i 
is an augmenting sequence of P, a contradiction to the maximality of S. Therefore, S is 
a full-augmenting sequence. □ 

The next result follows directly from Lemmas 13.41 and 13.91 

Corollary 3.10. Let i be a positive integer and let G be a graph. If B is a feasible 
k-complete i-tracking decomposition of G and t{B) > 0, then there is an i-tracking 

decomposition B' of G such that the following holds. 
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• t{B') < t{B); 

• B'{v) = B{v) for every v G V{G); 

• B' is k-complete. 


The next lemma, the main resnlt of this section, combines Lemma 13.81 and Corol¬ 
lary [TTO] to obtain £-path tracking decompositions from + l)/2]-complete ^tracking 
decompositions. 

Lemma 3.11 (The Disentangling Lemma). Let £ and k he positive integers and let G be 
a bipartite graph. If k > -l- l)/2] and B is a k-complete £-tracking decomposition of 

G, then G admits a k-complete £-path tracking decomposition B' such that B'{v) = B{v) 
for every vertex v of G. 

Proof. Let i, k, G and B be as in the hypothesis of the lemma. Let B be the set of all 
fc-complete f'-tracking decompositions B' of G snch that B'{v) = B{v) for every vertex 
V of G. By the hypothesis, B 7 ^ 0. Let r* = min{r(S') : G B} and let Smin be 

an element of B such that r(Bmin) = r*. If r* = 0, then Bmm is an £-path tracking 
decomposition and the proof is complete. Then, assume r* > 0. By Lemma IT^ Bmin is 
a feasible f'-tracking decomposition. Since r(i3min) > 0, by Corollary 13.101 fapplied with 
fc, £, G and Smin), there exists an fc-complete t'-tracking decomposition B' of G such that 
t{B') < T{Bmm) = T* and B'{v) = B{v) for every vertex v of G. Therefore, B' is an 
element of B with t{B') < a contradiction to the minimality of r*. □ 

4. Factorizations 

The goal of this section is to show that some bipartite highly edge-connected graphs ad¬ 
mit “well structured” decompositions, called bifactorizations, which are important struc¬ 
tures in the proof of the main theorems of this paper (shown in Section [7]). The diagram 
of Figure [T] shows how the results of this section are related. 

4.1. Fractional factorizations. We extend ideas developed in [6] in order to prove that 
some highly edge-connected bipartite graphs admit structured factorizations. Let us start 
with some dehnitions. 

Definition 4.1 (Factor). Let r and k he positive integers and G = {V, E) be a graph. Let 
X (Z V and F Z E. We say that F is an (X, r, fc)-factor of G if, for every v E X, we 
have dpiy) = {r/k)dc{y). 

Definition 4.2 (Fractional factorization). Let k and £ he positive integers such that k — £ 
is a positive even number. Let G = (V, E) be a graph and let X Z V. We say that a 
partition T = {Mi,..., Mi, Fi,..., Fy_iy 2 \ of E is an {X, £, fc)-fractional factorization 
of G if the following holds. 

• Mi is an (X, 1, k)-factor of G, for I <i < £; 

• Fj is an Eulerian (X, 2, k)-factor of G, for I < j < {k — £)/2. 
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Note that, if G contains an {X, 1, fc)-factor, then ddv) is divisible by k for every n G X. 
Therefore, this fact implies that, if G admits an (X, £,/c)-fractional factorization, then 
d{v) is divisible by k for every n G X. The next lemma is the core of this section. 

Lemma 4.3. Let k be a positive integer. IfG= [A, B] E) is a 2k-edge-connected bipartite 
graph such that dciv) is divisible by 2k+l for every v G A, then G admits an (A, 1, 2k+l)- 
fractional factorization. 

Proof. Let G = {A,B]E) be as in the hypothesis. First, we want to apply Lemma [2.II to 
obtain a 2/c-edge-connected graph G' with maximum degree 4/c — 1. To do this, for every 
vertex n G 5, we take integers > 1 and 0 < r^ < 2k such that dciv) = 2ks^ + r^. 
We put d\ = 2k + and d^ = ■ ■ ■ = d'^^ = 2k. Furthermore, for every vertex v & A, we 
put Sv = dG{y)/{f2k + 1) and = 2fc + 1 for 1 < i < s^. By Lemma [2T] (applied with 
parameters 2k and the integers s^, d" {1 < i < s^) for every v G ld(G)), there exists a 
2/c-edge-connected bipartite graph G' obtained from G by splitting each vertex v oi A into 

vertices of degree 2k + 1, and each vertex n of S into a vertex of degree 2fc + < Ak 

and — 1 vertices of degree 2k. Let A' and B' be the set of vertices of G' obtained from 
the vertices of A and B, respectively. For ease of notation, if n G {A' U B') \{AU B) we 
also denote by v the vertex m A VJ B that gave rise to v. 

The next step is to obtain a {2k + l)-regular multigraph G* from G' by using lifting 
operations. For this, we will add some edges to A' and remove the even-degree vertices of 
B' by successive applications of Mader’s Lifting Theorem as follows. Let Gg, ..., G\ 
be a maximal sequence of graphs such that Gg = G' and (for i > 0) G'_,_^ is the graph 
obtained from G' by the application of an admissible lifting at an arbitrary vertex v with 
dG'(v) i {l,2,2fc + l}. 

Recall that, given any two distinct vertices of G', say x and y, we denote by PG'{x,y) 
the maximum number of pairwise edge-disjoint paths joining x and y in G'. We claim 
that PGr{x,y) > 2k for any x,y in A' and every z > 0. Clearly, PG'g{x,y) > 2k holds for 
any x, y in A\ since G' is 2/c-edge-connected. Fix z > 0 and suppose Pg[{x, y) > 2k holds 
for any x^y in A'. Let x,y be two vertices in A'. Since G'_,_i is a graph obtained from 
G' by the application of an admissible lifting at a vertex v in R', we have pG'.^.^{x,y) > 
PGr{x,y) > 2k. 

We claim that, if z; G R' then dG'^{v) G {2, 2k -|- 1}. Suppose, for a contradiction, that 
there is a vertex v in B' such that dG>^{v) ^ {2, 2k + 1}. Note that dG>.{u) > dG'.^_^{u) > 2 
for every u G V{G') and every 0 < z < A. Since dG'{u) < Ak — 1 for every u G R(G'), 
we have 2 < dG'.{u) < Ak — 1 for every 0 < z < A. Therefore, 2 < dG'^{v) < Ak — 1. 
Since dG'^{v) < Ak — 1, and for any two neighbors x and y of v we have PG\{x,y) ^ 2k, 
Lemma [2.31 implies that v is not a cut-vertex of G'^^. Then, by Mader’s Lifting Theorem 
fTheorem l2.2p applied to Gj^, there is an admissible lifting at v. Therefore, Gg, G[,... ,G'^ 
is not maximal, a contradiction. 
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In G'^ the set B' may have some vertices of degree 2. For every such vertex v, if u and 
w are the neighbours of v, we apply a wtc-lifting at v, and remove the vertex v, i.e, we 
perform a supression of v. Let G* be the graph obtained by applying this process to all 
vertices of degree 2 in B'. Note that the number of pairwise edge-disjoint paths joining 
two distinct vertices of A' remains the same, i.e, Pg*{x, y) > u) ^ for every x, y 

in A'. Clearly, the set of vertices of G* that belong to B' is an independent set; we denote 
it by B* (eventually, i?* = 0). Furthermore, every vertex in B* has degree 2fc -|- 1. 

Claim 4.4. G* is 2k-edge connected. 

Proof. Let Y C V{G*). Suppose there is at least one vertex x of A' in Y and at least 
one vertex y of A' in V(G*) — Y. Since there are at least 2k edge-disjoint paths joining x 
to y, there are at least 2k edges with vertices in both Y and V(G*) — Y. Now, suppose 
that A' (ZY (otherwise A' zV{G*) — Y and we take V{G*) — Y instead of Y), and then 
V{G*) — Yz B*. Since B* is an independent set, all edges with a vertex in V{G*) — Y 
must have the other vertex in A'. Since every vertex in B* has degree 2k + 1, there are 
at least 2fc -|- 1 edges with vertices in both Y and V{G*) — Y. □ 

We conclude that G* is a 2/c-edge-connected (2/c-|-l)-regular multigraph with vertex-set 
A' VJ B*, where B* is an independent set. 

Since every vertex of G* has odd degree, |ld(G*)| is even. Thus, G* is a 2fc-edge- 
connected (2/c-|-l)-regular multigraph of even order. By Theorem 12.61 G* contains a per¬ 
fect matching M*. Since the multigraph J* = G* — M* is 2fc-regular. Theorem 12 . 71 implies 
that J* admits a decomposition into 2-factors, say Ff,...,F^. Therefore, M*, Ff,..., F^ 
is a partition of E{G*). 

Now, let us get back to the bipartite graph G. Let xy be an edge of G*. \i x E A' and 
y E B*, then xy corresponds to an edge of G. On the other hand, ii x,y E A', then there 
is a vertex v^y of B' and two edges xv^y and v^yy in E{G'). Furthermore, xy was obtained 
by an xy-lifting at v^y (either by an application of Mader’s Lifting Theorem or by the 
supression of vertices of degree 2). Then, each edge of G* represents an edge of G or a 
2-path in G such that the internal vertices of these 2-paths are always in B. For every 
edge xy E E{G*), define f{xy) = {xy} ii x E A' and y E B*, and f{xy) = {xVxy,Vxyy} 
ii x,y E A'. Note that f{xy) Z E{G) for every edge xy E E{G*). For a set S' C E{G*), 
put /(S') = Uees/(e). The partition of E{G*) into M*, F/, ■ ■ ■ ,Ff induces a partition of 
E{G) into M = f{M*) and Fi = f{F*) hr 1 < i < k. 

We will prove that {M, Fi,..., Fj.} is an {A,1,2k -|- l)-fractional factorization. Fix 
f G {1,..., k}. We will show that M is an {A, 1, 2k + l)-factor of G and Fi is an Eulerian 
{A, 2, 2A;-|-l)-factor of G. Let r; be a vertex of A in G and put d'{v) = d{v)/{2k + l). Then, 
we know that v is represented by d'{v) vertices in G*. Since M* is a perfect matching in 
G*, there are d'{v) edges of M entering v and, since F* is a 2-factor in G*, there are 2d'{v) 
edges of Fi incident to v. Finally, since F* is Eulerian, the set Fi is Eulerian, concluding 
the proof. □ 
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Corollary 4.5. Let k be a positive integer. If G = {A,B]E) is a 32k-edge-eonnected 
bipartite graph such that dciy) is divisible by 2k + 2 for every v E A, then G admits an 
(A, 2, 2 k + 2 )-fractional factorization. 

Proof. Let k and G = {A,B]E) be as in the hypothesis. We claim that G contains an 
{A, 1, 2k + 2)-factor E snch that G — E is 2fc-edge-connected (note that this implies that 
dc-piv) is divisible by 2fc + 1 for every v E A). 

Since G is 32k = 16fc|'(2fc + 2)/(2fc + 1)]-edge-connected, by Lemma l2.ini fapplied with 
parameters 2 k + 1, m = 2k and r = 1), the graph G admits a decomposition into graphs 
Gk and Gr snch that G^ is 2/c-edge-connected and dc^iv) = {f2k + l)/{f2k + 2))dG{v), and 
dcri'^) = -\-2))dG{v) for every v E A. Therefore, E{Gr) is an {A, 1, 2fc-|-2)-factor. 

By Lemma IT751 Gk admits an {A, 1, 2k l)-fractional factorization E. Therefore, since 
dckip) = ((2fc -|- l)/{f2k + 2))dG{v) for every v E A, we conclnde that E P E{Gr) is an 
{A, 2, 2k -|- 2)-fractional factorization of G. 

□ 

4.2. Bifactorizations. To obtain a decomposition of highly edge-connected bipartite 
graphs G into paths of a hxed length i, we will combine fractional factorizations to obtain 
hrst an ^-tracking decomposition. More specihcally, we decompose G into graphs Gi and 
G 2 and then we combine a fractional factorization of Gi with a fractional factorization 
of G2. This process, called bifactorizations, is dehned as follows. 

Definition 4.6 (Bifactorization). Let k and i be positive integers such that k — i is a 
positive even number, and let G = {Ai, A 2 ] E) be a bipartite graph. 

Let E\,E 2 be families of subsets of E and put Gi = G[LIf^p-.E], for i = 1,2. We say 
that F = (Ei,E 2 ) is an (£, fc)-bifactorization of G if the following holds. 

(i) {G\,G 2 } is a decomposition of G ; 

(ii) Ei is an {Ai, £, k)-fractional factorization of Gi, for I <i <2. 

If G admits an {i, k)-bifactorization, we say that G is {£, k)-bifactorable. 

The next concept will be used to guarantee that Gi and G 2 have a sufficiently large 
minimum degree. 

Definition 4.7 (Strong bifactorization). Let k and i be positive integers. Let G = 
{Ai,A 2 ]E) be a bipartite graph that admits an {£,k)-bifactorization F = {Ei,E 2 )- Let 
^ for I < i < 2. Let p = 1 if i is odd, and p = 2 if i is even. We say that 
F is strong if dEiiv) > {k/p){{k/p) + p) for every v in Ai for I <i <2. If G admits a 
strong {£,k)-bifactorization, we say that G is strongly (£,/c)-bifactorable. 

For ease of notation, if E belongs to either Ei or E 2 , then we say that E is an element 
of F. In what follows, we give sufficient conditions for a bipartite graph to be strongly 
bifactorable. 


21 




Lemma 4.8. Let k be a positive integer. Let r = {2k + l){2k + 2). If G is a2{6k + 2r + l)- 
edge-connected bipartite graph such that |-E(G)| is divisible by 2k + 1, then G is strongly 
(1, 2 k + l)-bifactorable. 

Proof. Let k, r and G = {A,B-,E) be as in the hypothesis. By Lemma 12.51 (applied 
with 2 k + 1 and r), the graph G can be decomposed into two spanning edge-disjoint 
r-edge-connected graphs Gi and G 2 snch that all vertices of A have degree divisible by 
2k + 1 in Gi, and all vertices of B have degree divisible by 2A; -|- 1 in ^ 2 - Bnt since 
r > 2k, by Lemma [4.31 (applied with k), we conclnde that Gi admits an {A, 1,2k + 1)- 
fractional factorization and G 2 admits a {B, 1,2k + l)-fractional factorization. Therefore, 
G is (1,2A; -I- l)-bifactorable. Since Gi and G 2 are r-edge-connected, we have dc-,^{v) > 
{2k -I- 1)(2A; -I- 2) for every v e A, and dG 2 {v) > {2k + l){2k + 2) for every v E B, from 
where we conclnde that G is strongly (1, 2 k + l)-bifactorable. □ 

The proof of the next lemma can be easily obtained by replacing Lemma 14.31 with 
Corollary 14.51 in the proof of Lemma 14.81 

Lemma 4.9. Let k be a positive integer. Let r = max{32fc, {k + l){k -|- 3)}. If G is a 
2{Qk + 2r + A)-edge-connected bipartite graph such that |i?(G)| is divisible by2k + 2, then 
G is strongly (2, 2k -\- 2)-bifactorable. 

5. Decomposition into paths of odd length 

We present now a dehnition which is central to what follows. Before that, we recall 
that given an ^-tracking decomposition B of a graph G, B{v) denotes the nnmber of edges 
of G incident to v that are starting edges of trackings in B that start at v, or ending 
edges of trackings in B that end at v. 

Definition 5.1 (Balanced tracking decomposition - odd case). Let k be a positive integer. 
Let G = {A,B-,E) be a bipartite graph that admits a {1,2k + 1)-bifactorization F = 
{^ 1 ,^ 2 ), and let Gi = G[[Jp^jr. E~\ for i = 1,2. Let Mi be the{A,l,2k + l)-factorof¥ 
and M 2 be the {B, 1, 2k -\- l)-factor of¥. We say that a {2k -\- l)-tracking decomposition 
B of G is F-balanced if the following holds. 

• B{v) = dG.^{v)/{2k -I- 1) -I- dM 2 {v) for every v G A; 

• B{v) = dG2 {v)/{2 k -l- 1) + dMi{v) for every v E B. 

Onr aim in this section is to prove Theorem 15.51 which states that one may obtain 

an F-balanced {k -|- l)-complete path tracking decomposition from a strong (1, 2k -|- 1)- 

bifactorization F. The proof of Theorem 15.51 is by indnction on k. The base of 

the indnction is precisely the statement of the next lemma, whose proof can be seen 

in Thomassen IZH (we present it for completeness). 
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Lemma 5.2. Let G be a bipartite graph that admits a {1,3)-bifactorization F. Then G 
admits an ¥-balanced 3-path tracking decomposition. 

Proof. Let G = {A,B-,E) be a bipartite graph that admits a (1, 3)-bifactorization F = 
(J^i, J^2) and put Ei = {Mi,Fi} for i = 1,2. Let Ci be the set of components of G[Fi]. 
Let T be an element of Ci and Bt = ao&oOi&i ■ ■ ■ dshgao be a tracking of T, where Oi E A 
and bi E B, for 1 < i < s. We have that B'j, = {aibiOi+i'. 0 < i < s}, taking a^+i = Oq, 
is a 2-tracking decomposition of T in which every tracking has its end-vertices in A. 
Therefore, B[ = ^ 2-tracking decomposition of G[T’i] in which every tracking 

has its end-vertices in A. Analogously, G[F 2 ] admits a 2-tracking decomposition B 2 in 
which every tracking has its end-vertices in B. 

Let Gi = G[Mi U Fi] for i = 1,2. Note that, since Mi is an {A, 1, 3)-factor and Fi is an 
(A, 2, 3)-factor of Gi, we have dpiiv) = {2/3)dGj^{v) = 2dMi{v), for every vertex v in A. 
Note that the number of trackings in B[ that end at a vertex v equals ^dpiiv) = duiiv). 
Thus, we can extend each tracking B of B'^ by adding an edge of Mi to the start vertex 
of B, obtaining a 3-path tracking decomposition Bi of Gi. Analogously, we can extend 
each tracking T of B '2 by adding an edge of M2 to the starting vertex of T, obtaining a 
3-path tracking decomposition B 2 of G2. 

Put B = BiU B 2 . If n is a vertex of A, then the number of paths having v as end- 
vertex is exactly dF^{v)/2 + dM 2 {v). Therefore, we have B{v) = dF^{v)/2 + dM 2 {v) = 
dGi{v)/3 -\- dM 2 {v). Analogously, we have B{v) = dG2{v)/3 -\- dMi{v) for every vertex v in 
B. Thus, B is an F-balanced 3-path tracking decomposition of G. 

□ 

In the next lemma, we show how pre-completeness is related to completeness of odd 
tracking decompositions. 

Lemma 5.3. Let k be a positive integer and let G be a bipartite graph that admits a 
(1, 2k -\- 1)-bifactorization F. If G admits an ¥-balanced {2k l)-pre-complete {2k + 1)- 
tracking decomposition, then G admits an ¥-balanced {k -|- l)-complete {2k 1)-tracking 

decomposition. 

Proof. Let khe a. positive integer and let G = {A, B] F) be a bipartite graph that admits 
a (1, 2k l)-bifactorization F. Let F be the set of all F-balanced {2k -\- l)-pre-complete 
{2k -\- l)-tracking decompositions of G. Now let B he a tracking decomposition in F such 
that 'Yl:vev{G) hang(n, B) is maximum over all tracking decompositions in F. We claim 
that B a {k + l)-complete tracking decomposition, i.e, hang(n, B) > k + 1 ioi each 
vertex v oi G. 

Suppose, for a contradiction, that B is not {k + l)-complete. Then there is a vertex 

n of G such that hang(t;, i3) < k + 1. Suppose, without loss of generality, that n is a 

vertex of A. Since B is {2k + l)-pre-complete, preHang(t;, B) >2k + 2. Thus, there are 

at least k + 1 pre-hanging edges at v that are not hanging edges at v, say xiv,..., Xk+iv. 
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Let Ti = uqUi ■ ■ ■ y 2 k+i be the element of B that contains Xiw, where, without loss of 
generality, = Xi and yi = v. The vertices of Ti in B are yo, ?/2 ,..., y 2 k- First, we will 
show that Xi ^ V{Ti) for some 2 < i < k + 1. Since y 2 is in B and yo is the end-vertex 
of Ti in i?, the vertex j/2 is not an end-vertex of Ti. Since j/ij/2 G E{Ti), the edge j/ij/2 
is not a pre-hanging edge at v. Then, j/2 7^ Xi for every 2 < i < k + 1. Therefore, 
|{2/4, ye, ■ ■ ■, y 2 k}\ = k — 1 and \{x 2 , ■ ■ ■, Xk+i}\ = k, from where we conclude that for at 
least one i, we have Xi ^ V{Ti). 

Now let Ti = zqZi ■ ■ ■ Z 2 k+i be the element of B that contains XiV. Suppose, without loss 
of generality, that Zi = v and Zq = Xi. Let T/ = vyi ■ ■ ■ y 2 k+i and T- = ygZi ■ ■ ■ Z 2 k+i, and 
let B' = B — Ti — Ti + T( + T/. We note that T^ = Ti — Xiv + XiV and TI = Ti — XiV + Xiv. 
Since Xi ^ V{Ti), we have dT[{xi) = 1, which implies that XiV is a hanging edge of B' 
at V. Therefore, hang(u, S') > hang(u, S). 

We claim that B' is F-balanced. Indeed, since the set of pre-hanging edges at v is 
the same in B and S', we have B{v) = B'{v) for every v in V{G). Therefore, S' is an 
F-balanced (2/c-|-l)-pre-complete tracking decomposition such that X]i;eu(G) hang(u. S') > 
J2vev{G) hang(u, S), a contradiction to the choice of S. □ 

Now we are ready to use the Disentangling Lemma (Lemma I3.1ip to obtain a path 
decomposition from the previous tracking decomposition. 

Lemma 5.4. Let k be a positive integer and let G be a bipartite graph that admits a 
{l,2k + l)-bifactorization¥. If G admits an¥-balanced {k + 1)-complete {2k+ 1)-tracking 
decomposition, then G admits an ¥-balanced {k -\- l)-complete {2k -|- l)-path tracking de¬ 
composition. 

Proof. Let fc be a positive integer and let G = {A, B] E) be a bipartite graph that admits 
a (1, 2A;-|-l)-bifactorization F. Suppose G admits an F-balanced (fc-l-l)-complete (2fc-|-l)- 
tracking decomposition S. By Lemma |3]TT] (applied with i = 2k-\-l), the graph G admits 
a. {k l)-complete {2k l)-path tracking decomposition S' such that B'{v) = B{v) for 
every vertex v of G. Therefore, S' is an F-balanced (fc-l-l)-complete (2fc-|-l)-path tracking 
decomposition. □ 

Now we have the tools needed for the proof of the next result, which is the main result 
of this section. 

Theorem 5.5. Let k be a positive integer. If G is a bipartite graph that admits a strong 
(1, 2k -\-1)-bifactorization F, then G admits an ¥-balanced {2k l)-path tracking decom¬ 
position. 

Proof. The proof is by induction on k. By Lemma 15.21 the statement is true for k = 
1. Thus, suppose fc > 1, and let G = (^41,742;^) be a bipartite graph that admits a 
strong {1,2k + l)-bifactorization F = {^ 1 ,^ 2 )- We claim that G admits an F-balanced 
(2fc-|- l)-pre-complete (2fc-|- l)-tracking decomposition. Let Ei = {Mi, Ei^i,..., Ei^k} and 
E 2 = {M 2 , p 2 , 2 , ■ ■ ■, E 2 ,k}, and let Gi = G[ i = 1,2. Hereafter, £x i G {1, 2}. 
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Define d*{v) = dGi{v)/{2k + 1) for every vertex v in Ai. Note that dp..{y) = 2d*{y) = 
2dMi{v) for every vertex v in and 1 < j < fc. Let Op.^, be a Eulerian orientation of 
Fi^k- Let Fi^k = U where is the set of edges of Fi^k leaving Ai in OFi^, 

and is the set of edges of Fi^k entering Ai in Op^^,. Note that, since Op^^, is an 

Eulerian orientation, dpioTw{v) = d^back(n) = dp^i^{v)/2 for every vertex v G Ai. 

Let G' = G - Ml - M 2 - Fl^l^ - and dehne J"' = • • •) Let 

G' = G[1Jfgj-' G[ = Gi- Mi - Then, for every vertex n G Aj, we 

have 

dG'.{v) = dcAv) - 2d*(n) = {2k + l)d*(n) - 2d*{v) = {2k - l)d*{v). (4) 

Claim 5.6. F' = {F^yF^) is a strong {I, 2k — 1)-bifactorization of G'. 

Proof. To prove this claim, we shall prove the following. 

(i) is an {A^, 1, 2 k — l)-factor of G'; 

(ii) Fij is an Eulerian (Aj, 2, 2k — l)-factor of G' for 1 < j < k — 1; 

(hi) dc'.iv) > {2k — l){2k) for every vertex v G Ai. 

To prove items (i) and (ii), hrst note that, for every v G Ai, we have dphE^k{v) = d*{v) 
and dp^.{v) = 2d*{v) for every 1 < j < fc — 1. By (jH), we conclude that Ff^^^ is 
a {Ai,l,2k — l)-factor of G' and Fij is an {Ai,2,2k — l)-factor of G'. Since F is a 
(1, 2k + l)-bifactorization, Fij and F 2 J are Eulerian graphs for 1 < j < k — 1. 

It remains to prove item (hi). Since dG'.{v) = {2k — l)d*{v) and d*{v) = dGi{v)/{2k + l) 
for every vertex v E Ai, we have dG'.{v) = |f^<^Gi('?^) for every v E Ai. Since F is a 
strong (1, 2k + l)-bifactorization, dGi{v) > {2k + l)(2fc + 2) for every v E Ai. Therefore, 

dG'{v) > (2fc — l)(2fc + 2) > {2k — l)2k for every v E Ai. □ 

Since F' is a strong (1,2A; — l)-bifactorization of G', by the induction hypothesis, G' 
admits an F'-balanced {2k — l)-path tracking decomposition B'. 

Since B' is a F'-balanced {2k — l)-path tracking decomposition, we have 

• B'{v) = dG[{v)/{2k — 1) + dph^ck{v) for every v E Ai; 

• B'{v) = dG'.^{v)/{2k — 1) + dph^ck{v) for every v G A 2 . 

Now we want to extend each tracking in B' to obtain a {2k + l)-tracking decomposition 
of G. For that, we add edges from E{G) — E{G') at the end-vertices of the trackings 
in B'. For each v E Ai {v E A 2 ), let be the set of edges of Mi U ^1°™ (M2 U Ef°™) 
that are incident to v. Note that for each edge e in E{G) — E{G') there is exactly one 

V E V{G) such that e G S^. Then, U,)eV(G) ~ F{G) — E{G'). Therefore, if we prove 
that B'{v) = |S'^|, then we can extend every tracking B in B' by adding one edge at each 
end-vertex of B. 

Claim 5.7. B'{v) = \Sy\, for every v E V{G). 

Proof. First, note that, since F)fc is Eulerian, we have d ^back (n) = d jpforw for ovory 

V ^ Ai, and d rpbackfr^l — G?pforw (n) for every v E A 2 . 

^l,k 
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For every v & Ai and every 1 < j < /c —1, we have dG>.{y)/{2k — l) = dFij{v)/2 = d*{v). 
Now, recall that for each v G Aj,, we have duiiv) = d*{v). Therefore, for every v & Ai, 
we have 

B'{v) = dG[{v)/{2k — 1) + (i^back(v) = d*{v) + dptor-^^v) = dM^iy) + dpto^i^v) = |S'„|. 
Similarly, we have B'{v) = |5'„| for every v ^ A 2 . □ 

As we have seen, we can extend every tracking B of B' by adding one edge at each 
end-vertex of B. Let B be the tracking decomposition obtained by this extension. Since 
B' is a {2k — l)-path tracking decomposition and we added edges only at the end-vertices 
of these trackings, B is composed of trackings of vanilla {2k + l)-trails. Furthermore, 
since we added all edges in E{G) — E{G'), B is a decomposition of G. 

Claim 5.8. B is ¥ -balanced. 

Proof. Fix xo G Ai. First we will prove that B{xo) < dphTw{xo) -\- dMoi^o). If there is no 
tracking T = xqXi ■ ■ ■ X 2 k+i in -B, where xqXi is an edge of E{G) — E{G'), then B{xo) = 0. 
For every such tracking T, by the construction of B, we know that xqXi is an element of 
Sx^. Since xi is a vertex of A 2 , we have Sx^ C M 2 U E^°™. Therefore, 

B(xo) < dpt.r^(xo) + dM 2 ( 3 ^ 0 )- 

l,fc 

Now we will prove that B(xo) > dptorw(xo) + dM 2 (^o)- Note that, if xqXi is an edge of 

l,fc 

M 2 U E^°™ that is incident to Xq in Ai (these are the only edges of G that can contribute 
to B{xo)), then, by the construction of B, there is a tracking Q' = xi- ■ ■ X 2 k in B' of a 
path such that the tracking Q = xqXi ■ ■ ■ X 2 k+i (of a vanilla trail) belongs to B. Therefore 
B{xo) > dpiaT^{xo) + dM 2 {xo), from where we conclude that B{v) = dpioTv,{v) + dM 2 {v) for 
every v in Ai. Thus, for every vertex v in Ai we have 

B{v) = dpior^{v) + dM 2 {v) = d*{v) + dM 2 {v) = dGAv)l{2k -h 1) -h dM 2 {v). 

l,fc 

Analogously, we have B{v) = dG2{v)/{2k -l- 1) -l- dMi{v) for each vertex v in A 2 . Thus, B 
is an F-balanced {2k -|- l)-tracking decomposition. □ 

Claim 5.9. B is {2k -\- l)-pre-complete. 

Proof. Let v G Aj. We shall prove that preHang(t;, i3) > 2k I. Note that, by 
the construction of B, the set of pre-hanging edges at n in is exactly S^. Then, 
preHang(v, i3) = \Sy\ = B'{v). Since B' is balanced, B'{v) > (iG'(n)/(2/c — 1). Therefore, 

preHang(r;, B) = B'{v) > (iG'(n)/(2A; — 1) = d*{v) = (iGi(n)/(2A; -|- 1). 

Since F is a strong (1, 2A;-|-l)-bifactorization of G, we have dG^'^) ^ (2A;-|-l)(2A;-|-2), from 
where we conclude that preHang(t;, B) >2k + 2. Therefore, is a {2k l)-pre-complete 
tracking decomposition. □ 
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Now we are able to conclude the proof. By Lemma 15.31 G admits an F-balanced 
(fc+l)-complete (2fc+l)-tracking decomposition. By LemmaEH G admits an F-balanced 
(A;-|-l)-complete (2A;-|-l)-path tracking decomposition. Therefore, G admits an F-balanced 
{2k -|- l)-path tracking decomposition. □ 

6. Decomposition into paths of even length 

The technique used in this section is analogous to the one used in Section |5l The results 
are similar, but to deal with paths of even length some adjustments were necessary. 

Definition 6.1 (Balanced tracking decomposition - even case). Let k be a positive inte¬ 
ger. Let G = {A,B-,E) be a bipartite graph that admits a {2,2{2k 2))-bifactorization 

F = (J^i, ^ 2 ), CLi^d let Gi = G [UFeJ'i ^~\ ~ + 2)) - 

factors of ¥ and M 2 ,N 2 be the [B, l,2{2k 2))-factors of¥. We say that a {2k 2)- 

tracking decomposition B of G into is F-balanced if the following holds. 

• B{v) = dGi{v)/{2k -I- 2) -I- dM 2 {'v) + dN 2 {v) for every v G A; 

• B{v) = dG2{v)/{2k -h 2) dMi{v) + dNi{v) for every v e B. 

Our aim is to prove Theorem 16.51 which guarantees that one may obtain an F-balanced 
{2k -|- 2)-complete {2k 2)-path tracking decomposition from a strong {2,2{2k 2))- 

bifactorization F. First, we show that from a (2,4)-bifactorization we may obtain a 
balanced 2-path tracking decomposition. 

Lemma 6.2. If G is a bipartite graph that admits a {2, A)-bifactorization F, then G 
admits an F-balanced 2-path decomposition. 

Proof. Let G = {A,B]E) be a bipartite graph that admits a (2,4)-bifactorization F = 
(J^i, J^ 2 ) and put Ei = for i = 1,2. Let Op^ be an Eulerian orientation of 

G[Ei\, for z = 1, 2. Let Ci be the set of components of G[Fi]. Let T be an element of Ci 
and Bp = ao&oai^i • • • o-sbs be a tracking of T, where G A, and G 5, for 1 < z < s. We 
have that Bf = {aifejOj+i: 0 < z < s}, taking a^+i = Oq, is a 2-tracking decomposition 
of T in which every tracking has its end-vertices in A. Therefore, B[ = UtsCiB^ is 
a 2-tracking decomposition of G[Ei] in which every tracking has its end-vertices in A. 
Analogously G[E2] admits a 2-tracking decomposition B2 in which every tracking has its 
end-vert ices in B. 

Let n be a vertex in A. Since Mi and Ni are (1, l,4)-factors of G we have dM^{v) = 
dpi^{v). Thus, the number of edges in MiUA"! incident to v is even, and we can decompose 
the edges in Mi U Ni incident to v into 2-paths such that each path has its end-vertices 
in B. Taking any tracking of each of these paths, we obtain a 2-tracking decomposition 
B'l of the edges in Mi U Ni such that each path has its end-vertices in B. Analogously, 
there is a 2-tracking decomposition B'f of the edges in M 2 U N 2 such that each path has 
its end-vertices in A. 
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Let E = E'[ U E'^. Note that only the paths in E'^ and in E'^ have end-vertices 

in A, and analogously only the paths in E 2 and in E” have end-vertices in B. Therefore, 
if n is a vertex of A, then E{v) = E'^iv) + E'^iv) = dG{v )/2 -|- dM2{'v) -|- dN2{v), and if v is 
a vertex of B, then E{v) = E' 2 {v) + E'^iv) = dciv )/2 + duiiv) -|- dN^iv). Thus, E is an 
F-balanced 2-path tracking decomposition of G. 

□ 

In the next lemma, we show how pre-completeness is related to completeness of even 
tracking decompositions. 

Lemma 6.3. Let k he a positive integer. Let G be a bipartite graph that admits a 
( 2 , 2{2k +2))-bifactorization ¥. IfG admits anW-balanced (2k3)-pre-complete {2k-\-2)- 
tracking decomposition, then G admits an ¥-balanced (k -|- 2)-complete {2k + 2)-tracking 
decomposition. 

Proof. Let k he a. positive integer. Let G = (A, B] E) be a bipartite graph that admits a 
(2, 2{2k 2))-bifactorization F. Let E be the set of all F-balanced {2k -\- 3)-pre-complete 
{2k 2)-tracking decompositions of G. Now let E he a tracking decomposition in E such 
that hang(n, E) is maximum over all tracking decompositions in E. We claim 

that E is a {k -\- 2)-complete tracking decomposition, i.e, hang(n, E) > k -\- 2 for each 
vertex v of G. 

Suppose, for a contradiction, that E is not {k -\- 2)-complete. Then there is a vertex 
n of G such that hang(n, E) < k -\- 2. Suppose, without loss of generality, that n is a 
vertex of A. Since E is {2k -\- 3)-pre-complete, preHang(n, E) > 2k -\- 4. Thus, there are 
at least k-\-2 pre-hanging edges at v that are not hanging edges at v, say xiv ,..., Xk+ 2 V. 
Let Ti = yoi/i ■ ■ ■ y 2 k +2 be the element of E that contains xjv, where, without loss of 
generality, yo = xi and yi = v. The vertices of Ti in B are yo,y 2 , ■ ■ ■ ,y 2 k+ 2 - First, we 
will show that for some Xi ^ V{Ti) for some 2 < i < k 2. Since y 2 is in B and yo is 
the end-vertex of Ti in B, the vertex 1/2 is not an end-vertex of Ti. Since yiy 2 G E{Ti), 
the edge yiy 2 is not a pre-hanging edge at v. Then, y 2 7 ^ Xi for every 2 < i < k + 2. 
Therefore, |{|/ 4 ,|/ 6 , • • • ,|/ 2 fc-i- 2 }| = k and \{2,... ,k + 2}\ = k + 1, from where we conclude 
that for at least one i, we have Xi ^ V{Ti). 

Now let Ti = zqZi ■ ■ ■ Z 2 k +2 be the element of E that contains XiV. Suppose, without loss 
of generality, that zi = v and zq = Xi. Let T[ = vyi ■ ■ ■ y 2 k+i and T/ = yoZi ■ ■ ■ Z 2 k +2 and 
let E' = E — Ti —Ti-\-T[-\- T/. We note that T[ = Ti — xiv + xtv and T' = % — XiV -\- xiv. 
Since Xi ^ V{Ti), we have dT[{xi) = 1, which implies that XiV is a hanging edge of E' at 
V. Therefore, hang(n, i3') > hang(n, i3). 

We claim that E' is F-balanced. Indeed, since the set of pre-hanging edges at v is 
the same in E and E', we have E{v) = E'{v) for every v in V{G). Therefore, E' is 
an F-balanced {2k + 3)-pre-complete decomposition such that Ylivev(G) hang(n, E') > 

J2v&v(g) hang(n, E), a contradiction to the choice of E. □ 
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As we did for the odd paths, we use the Disentangling Lemma to obtain a path de¬ 
composition. 

Lemma 6.4. Let k be a positive integer and let G be a bipartitte graph that admits 
a (2,2{2k -|- 2)'j-bifactorization F. If G admits an ¥-balanced {k + 2)-complete vanilla 
{2k 2)-tracking decomposition, then G admits an ¥-balanced {k 2)-complete {2k -|- 2)- 
path tracking decomposition. 

Proof. Let A; be a positive integer and let G = {A, B] E) be a bipartite graph that admits 
a (2,2(2A; -|- 2))-bifactorization F. Suppose G admits an F-balanced {k -|- 2)-complete 
{2k 2)-tracking decomposition B. By Lemma 13.111 (applied with i = 2k 2), the 
graph G admits a. {k-\- 2)-complete tracking decomposition B' such that B'{v) = B{v) for 
every vertex v of G. Therefore, B' is an F-balanced {k 2)-complete {2k -|- 2)-tracking 
decomposition. □ 

Now we are ready to prove the main result of this section. 

Theorem 6.5. Let k be a positive integer. If G is a bipartite graph that admits a strong 
{2, 2{2k 2)') -bifactorization F, then G admits an ¥-balanced {2k + 2)-path tracking de¬ 

composition. 

Proof. The proof is by induction on k. By Lemma [6.21 the statement is true for k = 0. 
Thus, suppose A: > 0, and let G = {Ai, A 2 ] E) be a bipartite graph that admits a strong 
( 2 , 2(2A:-|-2))-bifactorization F = (J^i, ^^ 2 )- We claim that G admits an F-balanced (2A;-|- 
3)-pre-complete vanilla (2A:-|-2)-trail decomposition. Let Ei = {Mi, iVi, Fi_i,..., Ei^ 2 k+i} 
and E 2 = {M 2 , N 2 , ^ 2 , 1 ,..., F 2 , 2 fc+i}, and let Gi = for z = 1, 2. Hereafter, 

hx z e {1, 2}. 

De£ne(i*(z;) = dGi{v)/ {2{2k-\-2)) for every vertex z; e A,. Note that dFij{v) = 2d*{v) = 
2dMi{v) = 2dFii{v) for every vertex v in A* and 1 < j < 2A: -|- 1. For j G {2A:, 2k -|- 1}, let 
OF^. be an Eulerian orientation of G[Eij]. Let Fjj = Efff'^ U Ef^^, where is the 

set of edges of Eij leaving A* in OF^., and Eff^^ is the set of edges of Eij entering Aj 
in Of • 

Let G' = G - Ml - iVi - M 2 - W - - ^igT+i - ^ 2 %* - and let E[ = 

^*. 1 , • • •, Let G' = G[ F] • Note that G' = G, - M, - iV, - 

Fifik ~ Then, for every v & Ai, we have 

d-G'^{v) = dGi{v) — Ad*{v) = 2{2k 2)d*{v) — 4:d*{v) = 2{2k)d*{v). (5) 

Claim 6.6. F' = {^[,^ 2 ) ® strong (2, 2{2k))-bifactorization of G'. 

Proof. To prove this claim, we shall prove the following. 

(i) and are (A, 1, 2(2A;))-factors of G'; 

(ii) Eij is an Eulerian (Aj, 2, 2(2A:))-factor of G' for j = 1,..., 2A; — 1; 
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(iii) dc'.iy) > {2k){2k + 2) for every vertex v E Ai. 


To prove items (i) and (ii), first note that, for every v G A, we have dph^{v) = 
{v) = d*{v) and dp^Av) = 2d*{v) for every I < j < 2k — 1. By ([5]), we conclude 
that and (A*, 1, 2(2/c))-factors of G{, and Fij is an (Aj, 2, 2(2/c))-factor 

of G{. Since F is a (2, 2{2k + 2))-bifactorization, Fij and F 2 , j are Eulerian graphs for 
l<j<2k-l. 

It remains to prove item (iii). Since da'A'^) = 2{2k)d*{v) and d*{v) = dcAv)/ (2(2fc-|-2)) 
for every vertex v E Ai, we have = ^i)dGAv) for every v E Ai. Since F is a 

strong (2, 2{2k + 2))-bifactorization, we have dcA'*^) ^ (2^ + 2){2k + 4) for every v E A^. 
Thus dc'Av) > {2k){2k -|- 4) > {2k){2k + 2) for every v E Ai. □ 

Since F' is a strong (2, 2(2/c))-bifactorization of G", by the induction hypothesis, G' 
admits an F'-balanced 2/c-path tracking decomposition B'. 

Since B' is an F'-balanced 2/c-path tracking decomposition, we have 

• B'{v) = dGA'*^)l‘^k + dFhi^ck{v) -|- (i^back^^(n) for every v E Ai; 

• B'{v) = dc' {v)/2k -|- dpback(n) -|- d^back {v) for every v E A 2 . 

Now we want to extend each 2A;-path of B' to obtain a (2A;-|-2)-tracking decomposition of 
G. For that, we add edges from F{G) — E{G') at the end-vertices of the trackings in B'. 
For each vertex v E Ai (n G ^2), let Sy be the set of edges of Mi U U F^^IA U F^^lA+i 

{M 2 U Ai'2 U FIAA U Fi‘^(’ 2 T+i) incident to v. Note that for each edge e in E{G) — E{G') there 

is exactly one v G V{G) such that e G S^- Then, U?;Gy(G) ~ -^(^) — E{G')- Therefore, 
if we prove that B'{v) = then we can extend every tracking B of B' by adding one 
edge at each end-vertex of B. 

Claim 6.7. B'{v) = for every v E V{G). 

Proof. First, note that, since F 2 ^ 2 k and F2^2fc+i are Eulerian, we have dph!iA{v) = dpioT^{v) 
and dpb^k ^(n) = dptor^ ^(n) for every vertex v in Ai, and since Fi^ 2A: and Fi^2fc-i-i are 
Eulerian, we have dpback(n) = drforw(n) and dpback (n) = drforw (v) for every vertex v in 

^l,2k ' ' ^l,2k ' ' -'^l,2fe+l' ' ^l,2k+l^ ' 

A2- 

For every n G A and every 1 < j < 2fc —1, we have dG'(n)/(2(2/c)) = dir._^.(n)/2 = d*{v). 
Now, recall that for each vertex n G we have dj^A'^) = d^A'^) = d*{v). Therefore, for 
every v E Ai, we have 

B'{v) = dGA'v)/W + dpb.ck{v) + dpback^^(n) 

^ 2c/ d TpioTW ('V') “1“ G^/pforw 

^ ^ -^2,2fc ^ ^ ^2,2fc + l ^ ^ 

= dMA'^) + '^Afi(n) + dpioT^{v) -I- dpioT^^A'^) 

= | 5 ,|. 

Similarly, we have B'{v) = 15^1 for every v E A 2 . □ 
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We have shown that every tracking B of B' can be extended by adding one edge at 
each of its end-vertices. Let B be the decomposition obtained with these extensions. 
Analogonsly to the odd case, we conclude that S is a {2k + 2)-tracking decomposition 
of G. 

Claim 6.8. B is ¥-balanced. 

Proof. Let Xq be a vertex in A. First we will prove that B(^Xq) < d ^forw (xq) + d jpforw j (^o) + 
^^ 2 ( 3 ^ 0 ) + djq.^{^XQ). If there is no tracking T = XqXi ■ ■ ■X 2 k +2 in B, where XqXi is an edge 
of EiJB) — E(^G'), then B{xo) = 0. For every such tracking T, by the construction of 
B, we know that xqXi is an element of Since xi is a vertex of A 2 , we have that 
S',, C M 2 U w u U Therefore, 

B{xo) < d ^forw (xo) -l- d P'iorw ,(3^0) + dM2iXo) + dN2iXo). 

1,2k l,2fc + l 

Now we will prove that Bi^xo) > dpior^i^xo) + d^forw^^(xo) -l- dM2{.xo) + dN2(^xo). Note that 
if XqXi is an edge of M 2 U iV 2 U is incident to Xq in Ai (these are the 

only edges of G that can contribute to B(^Xq)), then, by the construction of B, there is 
a tracking Q' = xi ■ ■ ■ X 2 k +2 of a path such that the tracking Q = xqXi ■ ■ ■ X 2 k+ 2 XQ (of a 
vanilla trail) belongs to S. Therefore, B(^xq) = (ipforw(xo)-l-di?forw^^(xo)-l-dM2(3;o)+<^W2(a^o)- 
Thus, for every vertex n G Ai we have 

B{v) = |Fg-(n)| + i(n)| + |M2(n)| + |iV2(n)| 

= 2 d*{(v) dM2(,v) + dN2{v) 

= dGi{v)/{2k + 2) + dM2{v) + dN2{v). 

Analogously, we have B(^v) = dG2(^v)/(f2k -|- 2) -|- dM^i^v) -|- div, (n) for each vertex v G A 2 . 
Thus, B is an F-balanced vanilla {2k + 2)-trail decomposition. □ 

Claim 6.9. B is {2k -|- 3)-pre-complete. 

Proof. Let v G A*. We shall prove that preHang(n, B) > 2k + 3. Note that, by 
the construction of B, the set of pre-hanging edges ai v in B is exactly S',. Then, 
preHang(n, i3) = [S',] = B'{v). Since B' is balanced, B'{v) > dG'.{v)/ {2k) . Therefore, 

preHang(n, ;B) = B'{v) > dG'.{v)/{2k) = 2d*{v) = dcX'^)/ {2k + 2). 

Since F is a strong (2, 2(2fc -|- 2))-bifactorization of G, we have dGi{v) > {2k + 2){2k + 4), 
from where we conclude that preHang(n, B) > 2k + 4. Therefore, S is a {2k + 3)-pre- 
complete vanilla trail decomposition. □ 

Now, analogously to the odd case, using Lemmas 16.31 and 16.41 we conclude that G 
admits an F-balanced {2k + 2)-path tracking decomposition. □ 
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7. Decomposition of highly edge-connected graphs into paths 


In this section we put together the results of Section 0] and Theorem 15.51 (resp. Theo¬ 
rem [6]5]) and prove Conjecture 11.21 for paths of odd (resp. even) length. 

7.1. Paths of odd length. 

Theorem 7.1. Let k be a positive integer and let r = {2k -|- l){2k + 2). If G is a 
2{Qk + 2r + 1)-edge-connected bipartite graph such that |i?(G)| is divisible by 2k+ 1, then 
G admits a decomposition into {2k + l)-paths. 

Proof. Let A; be a positive integer and let G be a bipartite graph such that \E{G)\ is 
divisible by 2k 1. Let r = {2k l){2k -|- 2). Suppose G is a 2{6k -|- 2r -|- l)-edge- 

connected graph. By Lemma G is strongly (1, 2k l)-bifactorable. Let F be a strong 
(1, 2k -|- l)-bifactorization of G. By Theorem 15.51 G admits an F-balanced {2k l)-path 
decomposition. □ 

7.2. Paths of even length. The proof of this case is slightly different from the odd 
case. First, we prove that Conjecture 11.21 is equivalent to the following conjecture. 

Conjecture 7.2. For each tree T, there exists a positive integer k'f such that, if G 
is a k'f-edge-connected bipartite graph and 2\E{T)\ divides |i?(G)|, then G admits a 
T-decomposition. 

We prove Conjecture I7.2l restricted to the case T is a path of even length. The following 
result states the equivalence of Conjecture 17.21 and Conjecture 11.21 

Theorem 7.3. Let T be a tree with i edges, i > 3. The following two statements are 
eguivalent. 

(i) There exists a positive integer k!f such that, if G is a kf-edge-connected bipartite 
graph and 2\E{T)\ divides \E{G)\, then G admits a T-decomposition. 

(ii) There exists a positive integer kf such that, if G is a kf-edge-connected bipartite 
graph and \E{T)\ divides |F^(G)|, then G admits a T-decomposition. 

Furthermore, kf < 2{k'f F i). 

Proof. It suffices to prove that statement (i) implies statement (ii). Suppose statament 
(i) is true. Let G be an 2(A;^-|-£)-edge-connected graph such that |i?(G)| is divisible by £. 
If |i?(G)| is divisible by 2 i, then G satisfies the conditions of statement (i), and therefore 
admits a T-decomposition. Thus, we may assume that |i?(G)| = 2ri + i for some positive 
integer r. Clearly, G contains a copy T' of T. By Theorem 12.41 G contains at least 
k!f + i edge-disjoint spanning trees. Since T' has i edges, T' intercepts at most i of these 
spanning trees, and the graph G' = G — T' contains at least k’f of these spanning trees. 
Thus, G' is fc^-edge-connected. Note that |ii^(G')| = |F^(G)| — £ = 2ri. By statement (i), 
G' admits a decomposition V into copies of T. Thus, F = V + T' is & decomposition of 
G into copies of T. □ 
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Theorem 7.4. Let k be a positive integer and let r = max{32(2fc + 1), {2k + 2){2k + 4)}. 
If G is a bipartite 2{12k + 2r + 10 )-edge-eonnected graph such that |-E(G')| is divisible by 
Ak + 4, then G admits a decomposition into {2k + 2)-paths. 

Proof. Let k he a. positive integer and let G be a bipartite graph such that |-E'(G)| is 
divisible by 4fc + 4 = 2((2fc + 1) + 2). Let r = niax{32(2/c + 1), (2fc + 2)(2fc + 4)}. Suppose 
that G is a 2(12A: + 2r + 10)-edge-connected graph, i.e, G is 2 {6{2k + 1) + 2r + 4)-edge- 
connected. 

By Lemma 14.91 (applied with 2/c + 1), G is strongly (2, 2{2k + 2))-bifactorable. Let F 
be a strong (2, 2{2k + 2))-bifactorization of G. By Theorem 16.51 G admits an F-balanced 
{2k + 2)-path decomposition. □ 

Corollary 7.5. Let k be a positive integer and letr = max{32(2/c +1), (2A; + 2)(2/c + 4)}. 
If G is a bipartite 2{2Qk + 4r + 22)-edge-connected graph such that \E{G)\ is divisible by 
2k + 2 , then G admits a decomposition into {2k + 2)-paths. 

Proof. The result follows directly from Theorem 17.31 □ 

8. Concluding remarks 

This paper benehted greatly from Thomassen’s results on decomposition of highly edge- 
connected graphs. We hope that the connection of this work to these results of Thomassen 
is clear to a reader familiarized with them. We also would like to mention that Merker’s 
result mi contributes to the literature with an alternative to the factorizations results 
presented in this paper. If one can generalize the Disentangling Lemma to deal with 
general trees, Merker’s result can be applied to solve Conjecture 11.21 

While writing this paper we learned that Bensmail, Harutyunyan, Le, and Thomasse [1] 
obtained a result similar to the one presented here using a different approach. 

The Disentangling Lemma has shown to be a powerful technique to deal with path 
decompositions. We were able to use a version of it to decompose regular graphs with 
prescribed girths into paths of hxed length [7]. 

References 

1. Jin Akiyama and Mikio Kano, Factors and factorizations of graphs, Lecture Notes in Mathematics, 
vol. 2031, Springer, Heidelberg, 2011, Proof techniques in factor theory. 

2. Janos Barat and Daniel Gerbner, Edge-decompositions of graphs into copies of a tree with four edges, 
Electron. J. Combin. 21 (2014), no. 1, Research Paper 55 pp. (electronic). 

3. Janos Barat and Carsten Thomassen, Claw-decompositions and Tutte-orientations, J. Graph Theory 
52 (2006), no. 2, 135-146. 

4. Julien Bensmail, Ararat Harutyunyan, Tien-Nam Le, and Stephan Thomasse, Edge-partitioning a 
graph into paths: beyond the Bardt-Thomassen conjecture, manuscript. 

5. Bela Bollobas, Modern graph theory, Graduate Texts in Mathematics, vol. 184, Springer-Verlag, New 
York, 1998. 


33 





6. Fabio Botler, Guilherme O. Mota, Marcio T. 1. Oshiro, and Yoshiko Wakabayashi, Decomposing 
highly connected graphs into paths of length five, submitted. 

7. _, Decomposing regular graphs with prescribed girth into paths, in preparation. 

8. _, Decompositions of highly connected graphs into paths of length five. Electronic Notes in 

Discrete Mathematics, to appear (volume dedicated to LAGOS 2015). 

9. _, Decompositions of highly edge-connected graphs into paths of any given length, Electronic 

Notes in Discrete Mathematics, to appear (volume dedicated to eurocomb 2015). 

10. Fabio Botler, Guilherme O. Mota, and Yoshiko Wakabayashi, Decompositions of triangle-free 5- 
regular graphs into paths of length five. Discrete Math. 338 (2015), no. 11, 1845-1855. 

11. Reinhard Diestel, Graph theory, fourth ed.. Graduate Texts in Mathematics, vol. 173, Springer, 
Heidelberg, 2010. 

12. Dorit Dor and Michael Tarsi, Graph decomposition is NP-complete: a complete proof of Holyer’s 
conjecture, SIAM J. Gomput. 26 (1997), no. 4, 1166-1187. 

13. M. N. Ellingham, Yunsun Nam, and Heinz-Jiirgen Voss, Gonnected {g, f)-factors, J. Graph Theory 
39 (2002), no. 1, 62-75. 

14. Mekkia Kouider and Zbigniew Lone, Path decompositions and perfect path double covers, Australas. 
J. Combin. 19 (1999), 261-274. 

15. Laszlo Miklos Lovasz, Garsten Thomassen, Yezhou Wu, and Cun-Quan Zhang, Nowhere-zero 3-flows 
and modulo k-orientations, J. Combin. Theory Ser. B 103 (2013), no. 5, 587-598. 

16. W. Mader, A reduction method for edge-connectivity in graphs, Ann. Discrete Math. 3 (1978), 145- 
164, Advances in graph theory (Cambridge Combinatorial Conf., Trinity College, Cambridge, 1977). 

17. Martin Merker, Decomposition of graphs, Ph.D. thesis. Technical University of Denmark, 2015, In 
preparation. 

18. C. St. J. A. Nash-Williams, Edge-disjoint spanning trees of finite graphs, J. London Math. Soc. 36 
(1961), 445-450. 

19. _, Gonnected detachments of graphs and generalized Euler trails, J. London Math. Soc. (2) 31 

(1985), no. 1, 17-29. 

20. Julius Petersen, Die Theorie der reguldren graphs, Acta Math. 15 (1891), no. 1, 193-220. 

21. Garsten Thomassen, Decompositions of highly connected graphs into paths of length 3, J. Graph 
Theory 58 (2008), no. 4, 286-292. 

22. _, Edge-decompositions of highly connected graphs into paths, Abh. Math. Semin. Univ. Hambg. 

78 (2008), no. 1, 17-26. 

23. _, The weak 3-flow conjecture and the weak circular flow conjecture, J. Combin. Theory Ser. 

B 102 (2012), no. 2, 521-529. 

24. _, Decomposing a graph into bistars, J. Combin. Theory Ser. B 103 (2013), no. 4, 504-508. 

25. _, Decomposing graphs into paths of fixed length, Combinatorica 33 (2013), no. 1, 97-123. 

26. W. T. Tutte, On the problem of decomposing a graph into n connected factors, J. London Math. Soc. 
36 (1961), 221-230. 

27. F. Von Baebler, Uber die Zerlegung reguldrer Streckenkomplexe ungerader Ordnung, Comment. Math. 
Helv. 10 (1937), no. 1, 275-287. 

Instituto de Matematica e Estati'stica, Universidade de Sag Paulo, Rua do Matao 

1010, 05508-090 Sag Paulo, Brazil (F. Botler, G. O. Mota, M. T. 1. Oshiro, Y. Wakabayashi) 
E-mail address: {f botler I mota I oshiro I ywjOime .usp .br 


34 



